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Surface Evolver software was used to create the three-dimensional geometry of a Kelvin open-cell foam, to simulate
that of polyurethane ﬂexible foams. Finite Element Analysis (FEA) with 3D elements was used to model large compressive
deformation in the [001] and [111] directions, using cyclic boundary conditions when necessary, treating the polyurethane
as an elastic or elastic–plastic material. The predicted foam Young’s moduli in the [001] direction are double those of
foams with uniform Plateau border cross-section edges, for the same foam density and material properties. For compres-
sion in the [111] direction, the normalized Young’s modulus increases from 0.9 to 1.1 with foam relative density, and the
predicted stress–strain relationship can have a plateau, even for a linearly-elastic polymer. As the foam density increases,
the predicted eﬀects of material plasticity become larger. For foam of relative density 0.028, edge-to-edge contact is pre-
dicted to occur at a 66% strain for [111] direction compression. The foam is predicted to contract laterally when the [111]
direction compressive strain exceeds 25%.
 2006 Elsevier Ltd. All rights reserved.
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Lord Kelvin (Thomson, 1887) proposed a tetrakaidecahedral cell model for the structure of soap foams
with equal-sized bubbles, for which he claimed the surface energy was a global minimum. Each cell consists
of six square and eight hexagonal faces, and every edge has the same length. The edges meet at tetrahedral
vertices, and the cell centres are on a body centred cubic (BCC) lattice. Dement’ev and Tarakanov (1970) were
the ﬁrst to predict the stress–strain relationship for the large strain compression of a Kelvin foam in the [001]
lattice direction, expressing their results in terms of elliptic integrals. The edges, taken to have a constant
square cross-section, were assumed only to bend.
In 1997, two independent analyses of Kelvin open-cell foams assumed the cell edges were uniform cross-
section Euler–Bernoulli beams, in which the eﬀects of shear were ignored. The vertices were taken to be0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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* Tel.: +44 121 414 5185; fax: +44 121 414 5232.
E-mail address: n.j.mills@bham.ac.uk
52 N.J. Mills / International Journal of Solids and Structures 44 (2007) 51–65inﬁnitesimally-small and rigid. Hence the model geometry only approximates that of low-density ﬂexible poly-
urethane (PU) foams (Fig. 1). Warren and Kraynik (1997) used matrix methods to consider the deformation
of the unit cell of the Kelvin foam, and calculated the elastic moduli. They described edge deformation mech-
anisms for compression in the [001] and [111] lattice directions, but neither showed detailed edge shapes, nor
gave the compressive stress–strain relationships. Zhu et al. (1997a) conﬁrmed Dement’ev and Tarakanov’s
analysis for compression in the [001] direction, and considered other edge cross-sections. For [111] direction
compression, the equations for edge curvature and twist were solved numerically, and the edge shapes found.
A minor slip in the analysis was corrected by Mills and Gilchrist (2000), who considered the foam response in
uniaxial tension. Their analysis will be referred to as the corrected Zhu model. Kraynik et al. (1999) conﬁrmed
the [111] direction compressive stress–strain response using FEA. Laroussi et al. (2002) showed that multi-cell
buckling modes, for [001] direction compression of the Kelvin foam, would cause a non-linear response; how-
ever, they did not predict the shape of the compressive stress–strain curve. Gong and Kyriakides (2005) con-
sidered representative unit cells containing 2–20 whole Kelvin cells in the [001] direction, 1 cell wide and 1 cell
thick, with periodic boundary conditions. In general the cells were elongated in the rise direction, but they
could be made isotropic. They used FEA with beam elements to represent Plateau border edges with non-uni-
form cross-sections. They predicted for R = 0.025, EP = 69 MPa, m = 0.49 (data for a polyester urethane
foam) that collapse occurs by buckling when the normalized stress ﬃ0.15 and the foam compressive strains
ﬃ0.2. At higher strains, the compressive stress was predicted to be nearly constant. Gong et al. (2005b) used
a Bloch wave method to check the onset of instability in the Kelvin foam model.
Brakke and Sullivan (1997) and Kraynik et al. (1999) used Surface Evolver software (2004) to create foam
cell geometries. Such foams are described as wet or dry if the liquid volume fraction is, respectively, ﬁnite or
negligible. The wet Kelvin foam geometry has been used to analyse electrical conductivity (Phelan et al., 1996),
ﬂuid drainage (Cox et al., 2001), and airﬂow permeability (Mills, 2005). However, it has not been used previ-
ously to model the mechanical response of solid foams. FEA of the wet Kelvin foam should predict the foam
mechanical response accurately, since the cell edges are not simpliﬁed as Euler–Bernoulli beams, and vertex
deformation can be analysed. Fig. 2(a) shows a complete wet Kelvin cell in a cubic box; the edge cross-section
consists of three near-circular arcs meeting at cusps. This structure, determined by the surface tension forces
acting on a low viscosity liquid, is a good approximation to the geometry of the polyol/isocyanate mixture
early in the polyurethane foam reaction, hence to that of the PU foam structure (Fig. 1). The vertices form
a signiﬁcant part of the structure.
Van der Heide et al. (1999) measured the tensile stress–strain response of a single PU foam cell edge; its
yield stress increased from an initial value (deﬁned by extrapolating the linear section back to zero strain)
of 10 MPa, to 31.5 MPa at a tensile strain of 250%. Gong et al. (2005a) measured the tensile response of a
single large edge from Foamex SIP PU foam; they found that, after a few tensile loading/unloading cycles,
the response became almost linear. The chemical reactions, used to create the gaseous blowing agent, aﬀect
the Young’s modulus of the PU. Usually it is impossible to remould crosslinked PU foam into a solid barFig. 1. SEM micrograph of polyurethane foam of density of 28 kg m3.
Fig. 2. Wet Kelvin foam, generated using Surface Evolver, with RUC for [001] direction compression outlined: (a) complete cell with edge
spread S = 0.2; (b) partial cell with S = 0.3 showing the boundary conditions for [001] compression.
N.J. Mills / International Journal of Solids and Structures 44 (2007) 51–65 53for subsequent mechanical property tests. However, Van der Schuur et al. (2004) compression moulded polye-
ther (urethane–urea) foams at 200 C into solid plaques and measured the in-phase shear modulus at 25 C;
this increased from 9 MPa at 26 wt% urea content to 25 MPa at 35 wt% urea content.
Gibson and Ashby (1988) attributed the stress increase at high compressive strains to densiﬁcation (a con-
fusing term, since foam density increases continuously on compression), and used an empirical expression to
describe the shape of the stress–strain curve. Although Gong and Kyriakides (2005) used a contact spring
approximation to model contact between beam-element edges and predicted the upturn in the stress–strain
curve at high strains, to date FEA of solid element models has not been used for this purpose.
Gong et al. (2005a) ﬁtted the measured variation in Plateau border widths, along the edges of PU open-cell
foams, with a forth-order polynomial. They placed, on the framework of a Kelvin foam, Plateau border edges
with a width distribution that followed their experimental data. They used FEA, with nine quadratic beam
elements simulating each edge, to predict that the Young’s modulus in the [001] direction was 69% higher than
54 N.J. Mills / International Journal of Solids and Structures 44 (2007) 51–65for uniform edge cross-sections, for foam with a 0.02 relative density (and 74% higher at a 0.05 relative den-
sity). They also used a 3D solid element model; as the cusps of the edges were misaligned by about 5 (their
Fig. 13) where they meet at a vertex, they had to remove some material. This model predicted a E001 22%
higher than the beam element model prediction, for a foam relative density of 0.04.
The eﬀect of non-linear elasticity on the foam mechanics depends on the local strain distribution in the
polymer, hence on the edge and vertex shapes, and the foam density. If the eﬀect is signiﬁcant, it should be
included in micromechanics modelling. However, the eﬀects of cell size distribution and non-regular cell
shapes cannot be investigated using the Kelvin foam. Zhu et al. (2002), using Voronoi constructions, predicted
a fully-random foam with edges of constant Plateau border cross-section would have a normalized Young’s
modulus E* about 50% larger than the corresponding regular Kelvin foam. E* is deﬁned, in terms of the foam









ð1ÞHowever Gan et al. (2005), who made similar computations for edges with circular cross-sections, predicted
no increase in Young’s modulus with foam irregularity. Therefore there is doubt about the eﬀects of foam
irregularity.
The FEA of wet Kelvin foams in this paper investigates the eﬀects of
(a) edge thickness variation and vertex deformation on the foam Young’s modulus and large strain com-
pressive response;
(b) non-linear elasticity or plasticity on the high strain response;
(c) edge-to-edge contact on the high strain response.
1.1. Generation of wet Kelvin foam geometry using surface evolver
In the Surface Evolver ﬁle twointor.fe, the diametral distance D, between two square faces, of a dry Kelvin
foam cell is taken as 1 unit. Hence the edge length L = 0.25
p
2. 12 vertices, 24 edges, 14 triangular facets (a
number of facets make up a planar face), and 2 bodies are repeated in toroidal space, to create the dry Kelvin
foam. A command ﬁle wetfoam.cmd is used to create an initial wet structure; an edge spread parameter S
determines the width of the nearly-equilateral triangular section edges, which replace the line edges of the




S=2; two angles are 54.736,
half the inter-edge angle at an ideal tetrahedral vertex. The initial wet structure was used to validate the
FEA against the corrected Zhu model. The wet structure is evolved, increasing the number of triangular faces
that approximate the shape of the curved air–liquid interface, then minimising the surface energy. The
sequence of commands gogo in the wetfoam ﬁle was used once, giving a good approximation to the foam
shape without creating an excessive number of faces. gogo consists of {g5; r; g5; Hessian; r; g5; Hessian;
Hessian}, where
g5 ﬁve iteration steps in which the vertices are moved.
r reﬁne the triangulation; edges are divided in two, and faces into four.
Hessian the second derivative matrix for energy is solved to ﬁnd the minimum energy.1
eters of evolved wet Kelvin foam cells (Cell diameter = 1 unit)
pread S Edge width at mid length Relative density R Hexagonal face hole diameter Square face hole diameter
0.0540 0.00691 0.540 0.336
0.1072 0.0276 0.478 0.263
0.1710 0.0622 0.409 0.181
0.2033 0.0846 0.376 0.140
0.2385 0.1105 0.340 0.095
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as density = 0.5) were removed from the .fe data ﬁles, creating holes (Fig. 2). The edge spread parameter
S determines the hole size and the foam relative density R (Table 1). If the square-face hole diameter were
to reach 0.3536, it would ﬁll the face. In commercial open-cell PU foams, R ranges from 0.02 to 0.1. If
S > 0.4, the square faces remain wet after evolution (a fact noted by Phelan et al., 1995), so no holes occur
in these faces.2. Finite element analysis
2.1. Representative unit cell and boundary conditions for [001] direction compression
The representative unit cell (RUC) for the initial elastic response during [001] direction compression of the
foam structure was a triangular prism, with 90 and 45 angles, height D/2, and shorter horizontal sides of
length D/2 (Fig. 2(b)). The deformed prism is assumed to have mirror symmetry boundary conditions on
its top, base and side surfaces (Zhu et al., 1997b); such conditions were applied in the FEA program ABAQUS
6.5 (2005) to the polymer surfaces that lie in the top, base, and smaller side surfaces of the prism. The larger
side-surface of the prism, at 45 to the coordinate axes, cuts two foam edges at symmetrical positions. A cou-
pling constraint is used, that these cut surfaces have the same normal displacement; this keeps them in the 45
plane, while allowing them to move freely normal to that plane.
The toroidal space used by Surface Evolver is not understood by ABAQUS or computer aided design
(CAD) programs, which use Euclidian geometry. Consequently the ﬁle, which describes the geometry of
the evolved wet Kelvin structure, was converted by interpreting the torus edge-wrap conditions to give the
Euclidian coordinates of vertices connected by an edge to a vertex inside the prism. Javaview (2004) was used
to convert the resulting .fe ﬁle to a Wavefront .obj ﬁle, then Rhinoceros (2002) CAD used to convert this to an
ACIS .sat ﬁle that could be read by ABAQUS CAE. The resulting surface was cut by the boundaries of the
RUC to create the required solid part, that represents the polymer structure.2.2. Representative unit cell and boundary conditions for [111] direction compression
The RUC for [111] direction compression is a prism with an equilateral triangle cross-section. A threefold
screw axis runs along its axis. Zhu et al. (1997a) showed that the vertices move directly towards the screw axis
by equal amounts, maintaining their 120 angular separation when viewed along the screw axis. The angles
between the boundary planes at the sides of the prism also remain constant. Modelling was performed for
a complete repeat unit of the helix of edges, having ‘cut’ half-edges at each end. The deformed shapes of these
half edges should be the same as those of intervening complete edges. This prism (Fig. 3) has periodically
repeating boundary conditions on the top and bottom surfaces, which contain n matching vertices.
ABAQUS does not have the option of link-meshed boundaries, on which periodic boundary conditions can
be imposed. Nevertheless, Grenestedt and Tanaka (1999) used multi-point constraint equations to create peri-
odic boundary conditions for a ‘small deformation’ problem, in which the initial geometry does not change
signiﬁcantly. The ABAQUS manuals do not clarify whether, when the large deformation option is used,
multi-point equations applied to boundary nodes will constrain the surfaces in the intended way. Therefore
a trial-and-error was used to ﬁnd the appropriate boundary conditions. If the results of the corrected Zhu
model could be reproduced, this would validate the boundary conditions and multi-point constraints used
in the FEA solid element model.
Periodic boundary conditions were achieved by using constraint equations, for each j from 1 to n, of the
formU 1ðtop; jÞ ¼ U 1ðbase; jÞ ð2aÞ
U 2ðtop; jÞ ¼ U 2ðbase; jÞ ¼ 0 ð2bÞ
U 3ðtop; jÞ ¼ U 3ðbase; jÞ þ U 3ðC0Þ ð2cÞ
Fig. 3. Undeformed representative unit cells for [111] direction compression, for edge width S = 0.2: (a) perspective view of initial foam,
showing some boundary conditions; (b) end view and (c) side view of evolved foam. The cut edges at the sides of the RUC are labelled C1,
etc., while those at the ends are E1 and E2. (b) shows the local 1,2 axes used for periodic boundary conditions.
56 N.J. Mills / International Journal of Solids and Structures 44 (2007) 51–65The displacements U1U2U3 are deﬁned in a 123 coordinate system ﬁxed in space; 3 is along the helix axis, 1
points from the centre of the cut top edge towards the helix axis, and 2 lies in the nearest bounding rigid plane
(Fig. 3(b)). Eq. (2a) allows the corresponding nodes on the cut edge to move directly towards the axis of the
helix, and (2b) prevents them from shifting laterally. Eq. (2c) controls the axial compression of the RUC; this
is equal to U3(C0), the displacement of a dummy point C0, which is ramped from 0 to 1. It was found that
imposing the condition U2(top, j) = U2(base, j) allowed the top and base cut-edge surfaces, as they tilted, to
move laterally in the 2 direction. However, the stricter boundary condition U2(top, j) = U2(base, j) = 0
produced the required deformation pattern.
A set of points Cj(j = 1,n), not connected to the model, were given zero displacement. According to the
ABAQUS manual, the constraint equationU 3ðtop; jÞ  U 3ðbase; jÞ  U 3ðC0Þ  U 3ðCjÞ ¼ 0 ð3Þ
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point Cj. Nodes were selected manually on both periodic cut foam-edges and labelled, and the Python script-
ing language used to speed the entry of the constraint Eqs. (2a) and (3).
The boundary conditions on the cut lateral cell-edges were achieved by using frictionless contact (which
cannot break if tension is applied) between the element faces and a discrete-rigid plane (Fig. 3(b)) at the appro-
priate prism side surface. Three such planes have a single degree of freedom; to move (by equal amounts)
directly towards the prism axis.
The resolved force F along [111], acting on the cut end, is equal to the sum, for the j end nodes, of the
components along the lattice 1 axis of the reaction forces on Cj (the sum of the 2 or 3 axis force components
has the same value). The cross-sectional area A of the prism is 0.5D2/
p
3, where D is the cell diameter. Hence
the compressive engineering stress in the foam is F/A. The lateral strain in the foam is 6U1, where U1 is the
lattice 1 direction displacement of the bounding rigid plane in Fig. 3(b) that contacts edges B1 and B2. The
initial length of the RUC is
p
(3/4)D, hence the compressive strain can be evaluated.
2.3. Elements and meshing
Initially a check was made, for a uniform cross-section Plateau border edge under torsion and bending, of
the mesh size needed to obtain a reasonable approximation of the analytical solution. The torsional stiﬀness
had been evaluated by Warren et al. (1997) by solving a two-dimensional heat ﬂow problem on the edge cross-






QuadrGJ ¼ 0:08025GA2 ð4Þ
where G is the polymer shear modulus, J the polar second moment of area and A the edge cross-sectional area.
The edge bending stiﬀness was given byEPI ¼ 0:1338EPA2 ð5Þ
Table 2 shows the predicted bending and torsional stiﬀness of an edge of length ﬁve times the Plateau border
width b, as a function of the mesh size.
Consequently, to keep the errors <5%, 10-node quadratic tetrahedral elements C3D10M were used (M
indicates a modiﬁed version for contact problems). At the cut-edge ends of the wet Kelvin model, the number
of triangular element faces across the section were 20, 21 and 22 for edge spreads S = 0.1, 0.2 and 0.3, respec-
tively. Consequently, FEA should calculate the wet Kelvin model stiﬀness to within 5%. There were typically
3000–4000 elements in the models. The slender beams of the S = 0.1 initial foam structure required a small
mesh size, as elements, close to vertices, lie in a rapidly varying stress ﬁeld. The use of quadratic elements eﬀec-
tively places additional linear element nodes midway between the existing nodes; since these extra nodes are
not constrained by Eqs. (2b) and (3), the end surfaces tended to bulge at these nodes when the foam strain is
high. Although this eﬀect can be overcome by entering further constraint equations for the new nodes, this
caused the FEA to become unstable at a lower maximum foam strain. Consequently, the additional constraint
equations were not used. By St Venant’s principle, the eﬀects of the distortion of the cut end are minor else-
where in the edge helix.
The bending and torsional stiﬀness of the nearly-equilateral triangle section of the initial Kelvin structure
were evaluated using the meshing conditions of the last row of Table 2. The torsional stiﬀness constant in Eq.
(4) was 1.4% lower than for the equilateral triangle section, whereas the bending stiﬀness constant in Eq. (5)2
g and torsional stiﬀness as a fraction of the analytical solutions
t type Seeds in edge width Triangles in cross-section Relative bending stiﬀness Relative torsion stiﬀness
5 18 2.23 6.18
10 46 1.325 2.49
atic 5 18 1.10 0.954
atic 10 46 0.979 1.023
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edge. The edge bending stiﬀness is consequently no longer isotropic.
To achieve matching node positions at the ends of the [111] direction representative cell (Fig. 3(c)), the edge
helix was considered to consist of four sections, taken perpendicular to the prism axis. Two central sections
each contain a whole edge, while two half-sized end sections each contain a half edge from the helix. The latter
were created by cutting a central section in half. Virtual topology was used, on each cusp surface, to merge all
the faces that met the end of the model, prior to meshing, to avoid the creation of very small faces. The Plateau
border edges, at the ends of the model, were given six equally spaced seeds. Consequently, after meshing with
tetrahedral elements, the end faces of the model have matching node positions. Orphan meshes, created from
the meshed end sections, were instanced at both ends of the model, then merged with those for the rest of the
model. If the whole model was meshed in one go, its ends tended to have non-matching node positions.
The symmetric solver in ABAQUS 6.5 Standard was used with the large deformation option. Stabilisation
by dissipated energy fraction was not used. The PU properties were taken either as
(a) elastic, with Young’s modulus EP = 50 MPa, Poisson’s ratio m = 0.45. These are consistent with the
EP = 55 MPa and m = 0.5 determined by Zhu et al. (1997a), and fall in the range found by Van der
Schuur et al. (2004).
(b) elastic–plastic, adding an initial yield stress of 10 MPa, which rises linearly to 31.5 MPa at a strain of 2.5
(Van der Heide et al., 1999).
3. FEA predictions
3.1. The initial Kelvin foam compared with the corrected Zhu model
FEA of the high strain deformation of the initial Kelvin foam, in both the [001] and [111] directions, was
compared with the corrected Zhu model, to validate the FEA. Both models have constant edge cross-sections,
the former nearly-equilateral triangle and the latter equilateral triangle. The corrected Zhu model, which
allows for axial strain in the edges but not for the eﬀects of shear or the volume of the vertices, predicts
normalized stress (stress divided by EPR
2) vs. compressive strain relations that are independent of the relative
density R. The normalized Young’s modulus is predicted to be 0.760 in the [001] direction and 0.670 in the
[111] direction (at 1% strain). If the nearly-equilateral sections of the initial Kelvin structure were used in the
Zhu model, the normalized moduli would be slightly smaller.
The corrected Zhu model ignores the eﬀect of the polymer Poisson’s ratio on the edge bending stiﬀness EPI.
Elsewhere in engineering, the bending stiﬀness of wide, rectangular cross-section beams is E*I, where the
plane-strain Young’s modulus E* = EP/(1  m2). However, for equilateral-triangle edge cross-sections, FEA
predicts a foam modulus E001 for an initial wet Kelvin foam with S = 0.1, that is 1.2% higher for m = 0.45 than
it is for m = 0.0. Hence the conditions in the edges are close to plane stress. For Plateau border edge sections
(see later), the eﬀect of using m = 0.45 rather than 0.0 is to increase the foam Young’s modulus by 4.5%.
The FEA predictions (Table 3) approach those of the corrected Zhu model, as the relative density is
reduced below 0.01. Under that condition, the errors in the Zhu model, due to ignoring the vertex volume
and edge shear, become negligible. The normalized Young’s moduli are higher for S = 0.2 than for
S = 0.1, due to the larger vertices. As the corrected Zhu model ignores vertices, at a relative density of 0.03
it overestimates the edge length, hence overestimating the edge bending compliance. The normalized stressTable 3
Normalized foam Young’s moduli (at 1% strain) for compression of initial Kelvin foam with nearly-equilateral triangle edges,
EP = 50 MPa, polymer Poisson’s ratio = 0.45 (values for m = 0 in brackets)
Edge spread S Relative density R E001 E

111
0.1 0.00691 0.802 (0.792) 0.60 (0.60)
0.2 0.0276 0.906 (0.832) 0.67 (0.65)
Fig. 4. Predicted normalized stress vs. [111] compressive strain, for the initial wet Kelvin foam calculated for S = 0.1, compared with the
corrected Zhu theory.
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over the range up to 0.7 strain, than that predicted by the corrected Zhu model. For [111] direction compres-
sion, the predictions of the two models are close up to a strain of 0.4, but FEA predicts a larger negative cur-
vature at higher strains, and a plateau region at a strain of 0.6 if m = 0.45 (Fig. 4). In general, the FEA
conﬁrms the earlier analysis, if the foam relative density is very low. Conversely, the earlier analysis conﬁrms
that the boundary conditions of the FEA are valid.
3.2. The wet Kelvin foam compressed in the [001] direction
The predicted compressive stress–strain relationship is nearly linear for strains <2%. When the normalized
secant modulus (stress/strain) was plotted as a function of strain, it was found to be a linearly decreasing func-
tion of strain, in this strain range. The normalized Young’s modulus E001 extrapolated to zero strain (Table 4)
is in the range 2.13 to 2.22, except the lower value for S = 0.1. The Zhu et al. (1997b) theory predicts a value of
1.007, for edges of uniform Plateau border cross-section, at a low relative density. The bending moment M is
largest close to the vertices, where the second moment of area I of the evolved edge is also largest, while it is
zero at the mid-edge where I is lowest. Hence the lower edge curvature in the wet Kelvin foam explains its
higher modulus E001 compared with the Zhu et al. (1997b) model. The slope of the graph of E

001 vs. strain
(Table 4) decreases as the edge spread increases.
Fig. 5(a) shows the edge shape for a wet foam with S = 0.3, at a foam compressive strain of 18%, close to
the strain at which long-wavelength buckling is predicted (Gong and Kyriakides, 2005). There are two waves
along the cusp that borders the hexagonal face; the cusp has buckled as the face diameter has decreased. This
buckling, ignored in the corrected Zhu model, has little eﬀect on the foam mechanical response since the thin
cusp region contributes very little to the edge bending stiﬀness. There is only minor non-linearity in theTable 4
Normalized foam Young’s moduli for [001] direction compression of wet Kelvin foam
Edge spread S Relative density R EPR
2 kPa Zero strain E001 Slope dE

001/de
0.1 0.00691 2.389 1.73 3.5
0.2 0.0276 38.09 2.15 3.2
0.3 0.0622 193.4 2.22 1.7
0.35 0.0846 357.9 2.17 1.0
0.4 0.1105 610.5 2.13 0.3
Fig. 5. The buckled cusp of the edges surrounding the hexagonal face of a wet Kelvin foam with S = 0.3 at a foam compressive strain of
18% in the [001] direction, with contours of von Mises stress in MPa.
Fig. 6. Predicted stress–strain relationship for [001] direction compression of evolved wet Kelvin foam with S = 0.2.
60 N.J. Mills / International Journal of Solids and Structures 44 (2007) 51–65predicted compressive stress–strain relationship for a linearly-elastic material (Fig. 6), the conclusion reached
by Zhu et al. (1997a) using the constant cross-section Euler–Bernouilli beam model. The relationship above a
compressive strain of 0.2 is only of academic interest, given that long-wavelength buckling allows a lower
energy deformation mode.
3.3. The wet Kelvin foam compressed in the [111] direction
When the undeformed helix of edges is viewed down the cube [111] axis, there is only a clear view between
the edges for models with S < 0.3. Axial compression of the edge helix is related to the axial compression of a
helical spring, for which the torque is constant along the length. As the torque on the foam edges is nearly
constant along their length, and the torsional stiﬀness is proportional to the 4th power of the edge width, edge
width variations in the wet Kelvin model reduce the mean torsional stiﬀness of the edge, hence the [111] axis
compressive stiﬀness of the edge helix ‘spring’. The normalized Young’s moduli in the [111] direction E001 for
evolved wet Kelvin foams are close to 1.0 (Table 5). The increase with S suggests that edge torsion becomes
Table 5








e = 0.4 elastic (elastic–plastic) kPa
Contracts laterally when e>
0.1 0.00691 0.88 0.106 (0.106) 0.25
0.2 0.0276 1.00 0.095 (0.093) 0.23
0.3 0.0622 1.09 0.114 (0.102) 0.26
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of 0.07 or greater, the foam geometry is no longer similar to a network of slender beams; the edge beams are
short and stubby while the vertices are huge.
Signiﬁcant non-linearity is predicted in the compressive stress–strain response in the [111] direction. There
are plateaus in the normalized stress vs. compressive strain curves; such a plateau was not predicted by Zhu
et al. (1997a). For the S = 0.1 model the response for elastic and elastic–plastic materials are the same. In the
S = 0.2 model, material plasticity aﬀects the response at foam strains >0.3 (Fig. 7), and in the S = 0.3 model,
at foam strains >0.2. The yield strain in the material model is 20%, and the peak material strain is lower than
the foam strain. FEA predicts that yielding initiates at the mid-length of edges, on one of the cusps. Therefore
FEA for elastic materials predicts that the stress–strain non-linearity changes slightly with foam density,
whereas the corrected Zhu model predicts density independence. The eﬀects of material plasticity also become
greater as the foam density increases. The small eﬀect of S on the shape of the normalized stress–strain graph
shows that the edge length to width ratio is relatively unimportant.
Fig. 8(a) and (b) compares end views of the helix of edges at compressive strains of 0% and 50% for S = 0.1.
The diameter of the ‘hole’ along the axis of the helix enlarges when the foam is deformed. This increases the
torque on the vertices for a given axial load on the RUC. Edge torsion is visible when the foam strain is 50%.
The oblique view at a 66% compressive strain (Fig. 8(c)) shows a very small gap between an edge cusp and an
edge, as touching is about to occur in an S = 0.2 model. Modelling at higher strains necessitates consideration
of contact between edges, which is not easy for the orphan meshes used in the model.
The lateral strain is predicted to be a maximum of about 6% when the compressive strain is in the range 23–
26% (Fig. 9 and Table 5). This phenomenon was also predicted by the Euler–Bernoulli beam model of Zhu
et al. (1997a).Fig. 7. Compressive normalized stress–strain responses of the wet Kelvin foam in the [111] direction. Where pairs of curves diverge, the
lower one is for an elastic-plastic material.
Fig. 8. Kelvin wet foam with S = 0.1 compressed in the [111] direction: (a) initial end view, (b) end view at strain = 41.5%, showing the
expansion of the central ‘hole’, with von Mises stress contours in MPa, (c) oblique view of S = 0.2 model, with [111] axis vertical, showing
cusp-to-edge contact at foam strain = 66%.
62 N.J. Mills / International Journal of Solids and Structures 44 (2007) 51–654. Discussion
The wet Kelvin model, with S in the range 0.2–0.3, simulates many of the geometric features of commercial
ﬂexible PU open-cell foams. If a large number of reﬁning steps are used with Surface Evolver, the foam geom-
etry can be predicted with considerable accuracy. However, to keep the number of elements reasonable for
FEA, and to make the imposition of periodic boundary conditions easy, the initial structure was only reﬁned
three times. Consequently, the edge width increases in a bi-linear fashion, from the mid-edge to the point
where two edges join. Nevertheless, the eﬀects of further geometry reﬁnement on the predicted foam mechan-
ical properties are unlikely to be large.
The normalized Young’s modulus E*, predicted by Warren et al. (1997) and Zhu et al. (1997b), conve-
niently conﬁrmed the value of approximately 1 estimated by Gibson and Ashby (1988) from data for open-
cell polymer foams. However the latter had no experimental data for the Young’s modulus of PU from foams,
so the E* values for the PU foams must be in doubt. The experimental data for other polymer foams was extre-
mely scattered; data was included for polystyrene and polyethylene foams, which were not available in open-
cell form in the 1980s. Consequently the error bounds on their estimate must be large. The FEA in this paper
shows, for evolved wet Kelvin foams, E001 is in the range 2.1–2.2 (except for S = 0.1 with the unrealistically
low R), but E111 ranges from 0.9 to 1.1. E

001 appears to be independent of density for the wet Kelvin foam
(Table 4), whereas it increases with density for the initial wet foam (Table 3). The geometry of the former
Fig. 9. Predicted lateral strain vs. [111] compressive strain for wet Kelvin foams with S values shown.
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of Zhu et al. (1997b) and FEA of the initial wet foam, shows the stiﬀening eﬀect of the wet foam geometry
compared with uniform edge cross-section models. Gong et al. (2005a), using an approximate vertex geometry
and beam element models, predicted E001 ¼ 1:7. Although they do not emphasise it, their limited 3D element
FEA suggests E001 ¼ 2:07 at R = 0.04, in agreement with the predictions of this paper. It is diﬃcult to make
accurate comparisons of the E001 predicted here by FEA with their analytical expressions for beam element
models, due to uncertainties in ﬁtting the wet Kelvin foam geometry with a polynomial function for Plateau
border width variation, calculating averages of edge width, and allowing for the vertex volume.
The elastic anisotropy factor A* of materials with cubic symmetry is deﬁned as the ratio of the shear mod-
ulus in the cube axes to that in the (110)[110] axes; it is 1.0 for isotropic materials. Zhu et al. (1997b) showed,





ð6ÞFor the Plateau border cross-section and m = 0.5, EI = 5.002GJ, and the foam is nearly isotropic with
A* = 0.91. For the wet Kelvin foam studied here, the anisotropy factor is considerably larger than 1.
The stress–strain non-linearity for [001] direction compression, predicted by FEA, is similar to that of the
Euler–Bernouilli beam-element model using the same small representative unit cell. A small RUC is not appro-
priate for large compression analysis in the [001] direction, since it cannot simulate long wavelength buckling.
However, FEA predicts more non-linearity and a stress plateau for [111] direction compression. The wet
Kelvin model, with realistic foam geometry and deformation mechanisms, is a better explanation of the com-
monly-observed near-plateau in the compressive responses of polyurethane open-cell foams than the geomet-
rically incorrect model of Gibson and Ashby (1988), which relies on the axial buckling of edges that are parallel
to the applied stress direction. Furthermore, parameters such as the Young’s modulus and collapse stress are
now predicted quantitatively either by the analysis given here, or by that of Gong et al. In contrast Gibson and
Ashby needed to estimate the constants of proportionality from experimental data. Their value of 0.05 in the
collapse stress relationship appears, from the FEA performed here, to be too small by a factor of two.
The normalized stress plateau of 0.1, predicted for [111] direction compression by FEA, is smaller than the
0.15 value predicted by Gong and Kyriakides (2005) for [001] direction compression by using beam elements.
However, they state that, for an anisotropic cell shape, the use of 3D elements gave a collapse stress 30% lower
than with beam elements. As relatively little elastic energy is stored in [111] compression, it is unlikely that a
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analysis of large RUCs, due to the smaller number of elements, and the easier imposition of periodic boundary
conditions. However, beam-element models neglect the deformation of cell vertices (even if the vertex volumes
are considered when relating the foam relative density to the edge width) so tend to be in error at foam relative
densities >0.02. It is likely that 3D elements will eventually be used with the wet Kelvin foam or similar real-
istic foam geometry and large RUCs to conﬁrm the long wavelength buckling response in [001] direction com-
pression. The previous use of beam-element models to predict such buckling was necessitated by computing
limitations; the use of 3D elements should just reﬁne the values of the collapse stresses.
It seems that material non-linearity (measured for the ﬁrst loading of a single PU foam edge by Van der
Heide et al.) plays little part in the compressive response of PU foams with relative densities R ﬃ 0.02. Con-
sequently the non-linearity of the foam response is mainly due to geometry changes on compression. However,
at higher relative densities, material non-linearity plays an increasing part in the foam non-linearity. Edge-to-
edge contact is not important in a wet Kelvin foam of relative density up to 0.03, for strains <65%, for defor-
mation along the [111] direction. Therefore hardening, at strains >0.3 in the compressive stress–strain curve,
should not automatically be attributed to edge-to-edge contact.
The Kelvin foam model has been successively reﬁned, from the initial beam element models of constant
edge cross-section, through the consideration of edge shear and long-wavelength buckling in [001] direction
compression, to the consideration of non-uniform edge sections. For the latter, FEA predictions using 3D ele-
ments diﬀer from those of models using beam elements. The former should be used for FEA modelling of
material non-linearity and viscoelasticity, phenomena that occur in polyurethane foams.
Cell size variation and cell shape irregularity could not be considered in the Kelvin model in which each
RUC responds identically. In real foams, with a range of cell sizes, edge-to-edge contact phenomena will
be more complex. Strain inhomogeneity is also likely to occur given the predicted slight stress drop in the
[111] direction compressive response (Fig. 7). In a larger model, once the average compressive strain exceeds
about 0.3 (point A) a strain of about 0.8 (point B) will develop in one region, then this region will propagate
through the foam. Consequently, a plateau in the stress vs. mean strain response is likely. There is experimen-
tal evidence for inhomogeneous compression in some, but not for the majority of, PU foams.
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